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Abstract: In this paper we discuss geodesic Witten diagrams in general holographic con-
formal field theories with boundary or defect. In boundary or defect conformal field theory,
two-point functions are non-trivial and can be decomposed into conformal blocks in two dis-
tinct ways; ambient channel decomposition and boundary channel decomposition. In our
previous work [1] we only consider two-point functions of same operators. We generalize our
previous work to a situation where operators in two-point functions are different. We obtain
two distinct decomposition for two-point functions of different operators.
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1 Introduction
In d-dimensional conformal field theory (CFT), a conformal symmetry is SO(d, 2) and two-
point functions and three-point functions are completely determined up to prefactors. Four-
point functions are not completely determined by the conformal symmetry and expressed as
a function depending on two conformal cross-ratios. The function depending on conformal
cross-ratios can be decomposed by conformal blocks or conformal partial waves which are
fundamental objects in CFT.
In the context of the AdS/CFT correspondence, correlation functions are calculated by
Witten diagrams [2]. Recently, holographic duals of the conformal blocks, which are called
by “geodesic Witten diagrams,” are proposed [3]. Intermediate points among a bulk-to-
bulk propagator and two bulk-to-boundary propagators in Witten diagrams are integrated
in a whole region of anti-de Sitter (AdS) spacetime, but similar points in geodesic Witten
diagrams are integrated along geodesics connecting two boundary points. We can confirm
that the geodesic Witten diagrams are actually a holographic dual of conformal partial waves
by explicit computations. More elegant way is to check that the geodesic Witten diagrams
are eigenfunctions of a Casimir operator with a suitable boundary condition.
The story is changed when boundaries or defects exist in CFT [4]. The boundaries or
defects reduces its conformal symmetry from SO(d, 2) to SO(d−1, 2) when the boundaries or
defects preserve the conformal symmetry. In this case, one-point functions do not vanish, and
two-point functions become non-trivial. Hence, the two-points functions will be decomposed
by conformal blocks instead of four-point functions. There are two distinct decompositions in
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Figure 1: A schematic figure of the Janus geometry (1.1). The dashed lines are at constant
r and represent sliced AdSd spacetimes.
boundary CFTs (bCFTs) or defect CFTs (dCFTs); an ambient channel decomposition and
a boundary channel decomposition. In the ambient channel, its decompositions are based
on operator product expansion (OPE) in a standard ambient spacetime1. That is, two-point
functions can be expanded by one-point functions of primary operators and their descendants.
As mentioned before, one-point functions do not vanish in general because of the presence
of the boundary or defect. The primary operators in the ambient spacetime can be also
expanded by local operators localized on the boundary or defect. Hence, two-point functions
are decomposed by two-point functions of boundary operators. This decomposition is called
the boundary channel decomposition.
Simple holographic models of bCFTs or dCFTs are described by a (d + 1)-dimensional
metric
ds2 = dr2 + e2A(r)ds2AdSd with ds
2
AdSd
= L2
dw2 + d~x2
w2
(1.1)
where r is a radial coordinate and r → ±∞ corresponds to an AdS boundary (see Fig. 1).
When eA(r) = cosh(r/L) (hereafter we set the AdS radius L = 1), the geometry becomes a
pure (d+ 1)-dimensional AdS spacetime. If one define new coordinates z and xd as
z =
w
cosh r
, xd = w tanh r , (1.2)
one recover a Poincare´ AdS coordinate. Examples described by this metric (1.1) include AdS
sliced Randall-Sundrum models [6, 7], the AdS/bCFT proposal by Takayanagi [8] and Janus
solutions of type IIB supergravity [9]. It is possible to generalize (1.1) to a higher dimensional
internal space but we do not consider this situation in this paper.
1As in [1, 5] we use the term ambient spacetime for the d-dimensional spacetime whose coordinates are
expressed by x labelled by µ, ν. The (d− 1)-dimensional boundary or defect is embedded in the d-dimensional
spacetime. The direction transverse to the boundary or defect is called w and the directions parallel to them
are called ~x labelled by i, j. That is, x = (~x,w). The term “bulk” will be reserved for the (d+ 1)-dimensional
spacetime of the holographic dual, whose coordinates are X labelled by M,N . We do not use the term
“boundary” as the boundary of AdS spacetime.
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It is naturally expected that the above two decompositions can be realized as geodesic
Witten diagrams. The first attempt has been done by Rastelli and Zhou [10]. They only
addressed a simple situation where the defect is a probe brane at r = 0. Our previous paper [1]
discussed geodesic Witten diagrams in situations where boundaries or defects are introduced
by non-trivial profiles of backgrounds fields on the pure AdS background. Our situations
include the probe brane case [10] but addressed the special case where two operators are
identical and have the same conformal dimensions for simplicity. In this paper we generalize
our previous work to the case where two operators are different.
The organization of this paper is as follows. The next section is devoted to preliminaries
for the following sections. We review two distinct decompositions of two-point functions in
CFT side and a holographic dual of boundary OPE. In section 3 we decompose of two-point
functions with different conformal dimensions into geodesic Witten diagrams. The ambient
channel decomposition and the boundary channel decomposition are treated in subsections 3.1
and 3.2 respectively. In section 4 we explain how our prescription works in some holographic
BCFTs and dCFTs using some examples. We will conclude in section 5.
2 Preliminaries
2.1 CFT side
In this subsection we mainly focus on two-point functions and boundary operator product
expansion from the viewpoint of a CFT side.
In CFTs with boundaries or defects, two-point functions are expressed as
〈O1(~x1, w1)O2(~x2, w2)〉 = f(η)
(2w1)∆1(2w2)∆2
(2.1)
where η is a conformal cross-ratio,
η =
(~x1 − ~x2)2 + (w1 − w2)2
w1w2
. (2.2)
Note that the two-point functions do not vanish even if the two conformal dimensions ∆1 and
∆2 are different.
In the ambient spacetime, the two-point functions can be expanded by a sum of one-point
functions using a standard OPE,
O1(x1)O2(x2) =
∑
k
λk
(x1 − x2)∆1+∆2−∆kOk(x2) . (2.3)
This gives us a form of f as
f(η) = λ1
(
4
η
)∆1
δ∆1,∆2 +
∑
N
λNaNfambient(∆N , η) (2.4)
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where the sum is over all primary fields and a is determined by an expectation value of a
one-point function,
〈O(~x,w)〉 = aO
(2w)∆
. (2.5)
We extract a contribution of an identity operator explicitly. This contribution vanishes
when the two conformal dimensions are different. The contribution of the N -th block,
fambient(∆N , η), is given by [11]
fambient(∆N , η) =
(η
4
)∆N−∆1−∆2
2
2F1
(
∆N +∆1 −∆2
2
,
∆N −∆1 +∆2
2
,∆N − d
2
+ 1,−η
4
)
.
(2.6)
Let us move on to a discussion on the boundary channel. Primary operators in the
ambient spacetime can also be expanded in terms of boundary localized operators Oˆ(~x),
O(~x,w) = 1
(2w)∆
∑
k
cOk (2w)
∆k Oˆk(~x) (2.7)
where Oˆ(~x) includes both of primaries and their descendants. This expansion is called bound-
ary operator product expansion (BOPE). Using BOPE (2.7), we obtain the boundary channel
expansion,
f(η) =
∑
n,m
cO1n c
O2
m f∂(∆n, η)δ∆n,∆m (2.8)
where the conformal block in the boundary channel is given by [11]
f∂(∆n, η) =
(η
4
)−∆n
2F1
(
∆n,∆n − d
2
+ 1, 2∆n − d+ 2,−4
η
)
. (2.9)
Each conformal blocks (2.6) and (2.9) satisfy a Casimir equation with a suitable boundary
condition.
2.2 AdS side
The BOPE can be understood as a mode-decomposition of fields living in the bulk holo-
graphically [5]. A scalar field φd+1(r, x) dual to an ambient space operator O of dimension ∆
satisfies the following equation of motion2,
(−M2(r))φd+1(r, x) = (D2r + e−2A∂2d −M2(r))φd+1(r, x) = 0 . (2.10)
Here  is the Laplacian in the full Janus background geometry (1.1) and ∂2d stands for the
AdSd Laplacian on the sliced AdSd spacetime. The radial operator D2r is defined as
D2r := ∂2r + dA′(r) ∂r . (2.11)
2When the scalar field couples to a dilaton field, a term of the dilaton field appears in front of the kinetic
term and the equation of motion will be changed. However, a main story does not so changed. For example,
see our previous paper [1].
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The potential term M2(r) includes not only a scalar mass M20 but also contributions from
background fields X(r). According to the standard AdS/CFT dictionary, the scalar mass is
related to the conformal dimension as
∆(∆− d) =M20 . (2.12)
We make a separation of variables ansatz to the bulk field,
φd+1(r, x) =
∑
n
ψn(r)φd,n(x) . (2.13)
The separated fields on sliced AdSd spacetime satisfy
∂2dφd,n = m
2
nφd,n . (2.14)
The eigenvalues m2n are then determined by the internal mode equation:
D2rψn(r)−M2(r)ψn(r) = − e−2A(r)m2nψn(r) . (2.15)
This second differential equation can be converted to a standard Schro¨dinger equation by a
change of variables and a redefinition of the field. A change of the coordinate from r to a
conformal coordinate z with dr = eAdz removes the e−2A factor in front of the eigenvalues m2n
and a redefinition of the field ψn = e
−(d−1)A/2Ψn removes the first derivatives acting on the
modefunction. Finally the differential equation reduces to a standard Schro¨dinger equation
for Ψn(z) together with an effective potential [12]
V (z) =
1
2
[(
d− 1
2
dA
dz
)2
+
d− 1
2
d2A
dz2
+M2e2A
]
. (2.16)
A completeness relation and an orthogonality relation for the original field ψn(r),∑
n
ψn(r)ψn(r
′) = e−(d−2)A(r)δ(r − r′) ,
∫
dr e(d−2)A(r) ψmψn = δmn , (2.17)
become standard ones for the rescaled field Ψn(z).
According to [5], the primaries appearing in the BOPE (2.7) are related to the modes φd,n
in one-to-one correspondence and their conformal dimensions are related with eigenvalues m2n
as
∆n[∆n − (d− 1)] = m2n . (2.18)
A boundary condition of the modefunctions at r→ ±∞ requires
∆n = ∆+ n . (2.19)
Finally we summarize a bulk-to-bulk propagator and a bulk-to-boundary propagator to
fix our notation and also give a useful decomposition of the bulk-to-bulk propagator. The
bulk-to-bulk propagator is a Green function of the differential operator −M2(r),
(−M2(r1))G∆,d+1(r1, ~x1, w1, r2, ~x2, w2) = 1√−g δ(r1 − r2)δ(~x1 − ~x2)δ(w1 − w2) . (2.20)
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The bulk-to-boundary propagator is defined as a solution of the following differential equation,
(−M2(r))K∆,d+1(r, ~x1, w1, ~x2, w2) = 0 (2.21)
and is required to approach an appropriate delta function,
lim
r→∞
e(d−∆)rK∆,d+1(r, ~x1, w1, ~x2, w2) = δ(~x1 − ~x2)δ(w1 − w2) . (2.22)
The bulk-to-boundary propagator is related with the bulk-to-bulk propagator,
K∆,d+1(r1, ~x1, w1, ~x2, w2) = lim
r2→∞
(2∆− d) e
∆r2
(2w2)∆
G∆,d+1(r1, ~x1, w1, r2, ~x2, w2) . (2.23)
The bulk-to-bulk propagator in the Janus metric (1.1) can be decomposed into a sum of
products of modefunctions and bulk-to-bulk propagators on the sliced AdSd spacetime,
G∆,d+1(X1,X2) =
∑
n
ψn(r1)ψn(r2)G∆n,d(x1, x2) (2.24)
with
∆n = ∆+ n , n ∈ N . (2.25)
G∆n,d is a bulk-to-bulk propagator on sliced AdSd spacetime,
G∆n,d(x1, x2) =
C∆n,d
2∆n(2∆n − (d− 1))ξ
∆n
2F1
(
∆n
2
,
∆n + 1
2
,∆n − d− 1
2
+ 1, ξ2
)
(2.26)
with
C∆n,d =
Γ(∆n)
π(d−1)/2Γ(∆n − (d− 1)/2)
(2.27)
and ξ the chordal coordinate,
ξ =
2w1w2
w21 + w
2
2 + (~x1 − ~x2)2
. (2.28)
Using (2.23), similar decompositions can be applied to bulk-to-boundary propagators. Note
that the bulk-to-bulk propagator on sliced AdSd spacetime is equal to conformal blocks in
boundary channel up to prefactor.
3 Decompositions of two-point function
In this section we decompose two-point functions into geodesic Witten diagrams in a situation
where a boundary or a defect is introduced weakly so that the decompositions into geodesic
Witten diagrams make sense. This situation is achieved by small background fields X(r),
X(r) = ε δX(r) (3.1)
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where ε a small parameter. Since an energy-momentum tensor constructed from the back-
ground fields is corrected at second order of ε, the Janus metric (1.1) can be expanded as
g = g0 + ε
2 δg (3.2)
where g0 represents a metric of the pure AdSd+1 geometry. Hence, we can treat the geometry
as the pure AdS at leading order of ε. In the following sections, bulk-to-bulk and bulk-to-
boundary propagators are those of the pure AdS.
First, let us consider a situation where the boundary or defect is absent. In this case, the
two-point function is determined by the conformal symmetry
〈O1(~x1, w1)O2(~x2, w2)〉 = N δ∆1,∆2
[(~x1 − ~x2)2 + (w1 −w2)2]∆1 (3.3)
up to a prefactor N . Comparing with (2.1), we obtain
f(η) = N
(η
4
)−∆1
δ∆1,∆2 . (3.4)
Equation (3.4) corresponds to the ambient channel expansion because one-point functions
vanish except the identity operator and (2.4) reduces to (3.4). The two distinct decomposi-
tions should be same, then the following relation must hold,
N
(η
4
)−∆
=
∞∑
n=0
(cOn )
2f∂(∆ + n, η) . (3.5)
The BPOE coefficients are obtained as [1]
(cOn )
2 = (Cn)
2(2∆ − d)2 C∆n,d
2∆n − (d− 1)
1
4∆n
(3.6)
where Cn is an asymptotic value of the modefunction,
ψn(r) = Cne
−∆r +O(e−(∆+2)r) . (3.7)
This identity is a special case of (A.7b) in [13] because (A.7b) in [13] with h = d/2, ℓ1 = ℓ2 =
−∆ and ρ = η/(η + 4) reduces to this identity. Similar identities have also been used in [14].
Summarizing the above discussion, two decompositions are the same when the boundary or
defect is absent.
Next, we add the boundary or defect as a perturbation and decompose two-point functions
in two different ways. Our claim is that a leading correction to the two-point functions with
different conformal dimensions is given by
δ〈O∆1(~x1, w1)O∆2(~x2, w2)〉
= 2ε
∫
dd+1Y ′
√−g0 e−2AK∆1,d+1(~x1, w1, Y ′)K∆2,d+1(~x2, w2, Y ′) δV∆1,∆2(r′) .
(3.8)
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Here K∆1,d+1 and K∆2,d+1 are bulk-to-boundary propagators between boundary points in-
serted the operators and a bulk point where a source term 2ε e−2AδV∆1,∆2 is inserted. The
potential is obtained from a variation of the action3
2ε e−2AδV∆1,∆2 = −
δ2S
δφ∆1δφ∆2
. (3.9)
For ∆1 = ∆2, (3.8) can be obtained explicitly by expanding the differential equation for the
bulk-to-bulk propagator (2.20) around backgrounds, multiplying it by another bulk-to-bulk
propagator and integrating the intersect [1]. We expect that the similar equation of (3.8)
with the same conformal dimensions can be generalized to a case with different conformal
dimensions.
In the following two subsections, we give two different decompositions of the two-point
function starting from (3.8).
3.1 Ambient channel
In the ambient channel, we can use similar techniques used in geodesic Witten diagrams
without boundary or defect. The two bulk-to-boundary propagators intersected at a same
bulk point can be decomposed as [3]
K∆1,d+1(~x1, w1, Y
′)K∆2,d+1(Y
′, ~x2, w2)
=
∑
N
bN
∫
γ
dλK∆1,d+1(~x1, w1, Y (λ))K∆2,d+1(Y (λ), ~x2, w2)G∆N ,d+1(Y (λ), Y
′)
(3.10)
with coefficients
bN =
2Γ(∆N )
Γ((∆N +∆1 −∆2)/2)Γ((∆N −∆1 +∆2)/2)
(−1)N
N !
(∆1)N (∆2)N
(∆1 +∆2 +N − d/2)N (3.11)
where ∆N = 2∆+2N and (x)n = Γ(x+n)/Γ(x) is the Pochhammer symbol. γ parameterized
by λ represents a geodesic anchored to two boundary points (~x1, w1) and (~x2, w2). Inserting
this decomposition (3.10) into (3.8), the two-point function is decomposed as a sum of geodesic
Witten diagrams,
δ〈O∆1(~x1, w1)O∆2(~x2, w2)〉 = 2ε
∑
N
bN
∫
dd+1Y ′
√−g0 e−2A
×
∫
γ
dλK∆1,d+1(~x1, w1, Y (λ))K∆2,d+1(Y (λ), ~x2, w2)G∆N ,d+1(Y (λ), Y
′) δV∆1,∆2(r
′) .
(3.12)
This is just the ambient channel decomposition (See Fig. 2).
3The awkward factor 2e−2A is included so that this potential reduces a leading correction of (2.16) for
∆1 = ∆2. Note that the change of variables and rescaling of the field are required.
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O1(~x1, w1)O2(~x2, w2)
K∆1,d+1(~x1, w1, Y
′)
K∆2,d+1(~x2, w2, Y
′)
2ε e−2AδV (r′)
=
∑
N
O1(~x1, w1)O2(~x2, w2)
K∆1,d+1K∆2,d+1
Y (λ)
G∆N ,d+1(Y (λ), Y
′)
2ε e−2AδV (r′)
Figure 2: Schematic picture of the ambient channel decomposition. The dashed line is a
geodesic. The point r = r′ where the source is inserted is integrated.
It is difficult to prove these geodesic Witten diagrams are conformal blocks by explicit
computations. However, we can easily confirm this using Casimir equation. In fact a combi-
nation ∫
γ
dλK∆1,d+1(~x1, w1, Y (λ))K∆2,d+1(Y (λ), ~x2, w2)G∆N ,d+1(Y (λ), Y
′) (3.13)
satisfy Casimir equation with a suitable boundary condition [10].
3.2 Boundary channel
For a purpose of a decomposition in the boundary channel, the decomposition of the bulk-
to-bulk propagator on AdSd+1 (2.24) is useful,
G∆1,d+1(X1, Y
′) =
∑
n
ψ(1)n (r1)ψ
(1)
n (r
′)G∆1,n,d(x1, y
′) , (3.14)
G∆2,d+1(X2, Y
′) =
∑
m
ψ(2)m (r2)ψ
(2)
m (r
′)G∆2,m,d(x2, y
′) (3.15)
with
∆1,n = ∆1 + n , ∆2,m = ∆2 +m with n,m ∈ N . (3.16)
To remind us that each mode functions depend on the conformal dimension, the superscripts
(1) and (2) are added. Plugging the corresponding decompositions of the bulk-to-boundary
propagators obtained from the relation (2.23) into (3.8), the decomposition of the two-point
function includes a sum,∑
n,m
C(1)n C
(2)
m δV∆1,∆2(r
′)ψ(1)n (r
′)ψ(2)m (r
′)G∆1,n,d(x1, y
′)G∆2,m,d(x2, y
′) (3.17)
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O1(~x1, w1)O2(~x2, w2)
K∆1,d+1(~x1, w1, Y
′)
K∆2,d+1(~x2, w2, Y
′)
2ε e−2AδV (r′)
=
∑
n
O1(~x1, w1)O2(~x2, w2)
K∆1,d+1
K∆2,d+1
G∆n,d
(~x1, w1, r
′)
(~x2, w2, r
′)
Figure 3: Schematic picture of the boundary channel decomposition. The dashed lines
are geodesics. We need to integrate about the point r = r′ where the source is inserted.
Anomalous dimension terms are omitted.
where C
(1)
n and C
(2)
m are asymptotic values of the modefunctions. We decompose this sum
whether ∆1,n = ∆2,m or not,∑
n,m
C(1)n C
(2)
m δV∆1,∆2(r
′)ψ(1)n (r
′)ψ(2)m (r
′)G∆1,n,d(x1, y
′)G∆2,m,d(x2, y
′)
=
∑
n,m
∆1,n 6=∆2,m
C(1)n C
(2)
m
δV∆1,∆2(r
′)ψ
(1)
n (r′)ψ
(2)
m (r′)
(m
(1)
n )2 − (m(2)m )2
(
(m(1)n )
2 − (m(2)m )2
)
G∆1,n,d(x1, y
′)G∆2,m,d(x2, y
′)
+
∑
n
∆1,n=∆2,m
C(1)n C
(2)
m δV∆1,∆2(r
′)ψ(1)n (r
′)ψ(2)m (r
′)G∆1,n,d(x1, y
′)G∆2,m,d(x2, y
′) . (3.18)
The first sums over n and m such that ∆1,n 6= ∆2,m while the second term sums over n such
that ∆1,n = ∆2,m (Since m is determined by n from the condition ∆1,n = ∆2,m, a sum over m
does not appear). Hence, the second term appears only in the case where ∆1−∆2 is integer.
By integrating the first term about y′, it becomes∫
ddy′
√−gAdSd ((m(1)n )2 − (m(2)m )2)G∆1,n,d(x1, y′)G∆2,m,d(x2, y′)
= G∆1,n,d(x1, x2)−G∆2,m,d(x1, x2)
(3.19)
where we use a relation
(m(1)n )
2G∆1,n,d(x1, y
′) = ∂2dG∆1,n,d(x1, y
′)− 1√−gAdSd
δ(x1 − y′) (3.20)
and a similar relation for G∆2,m,d.
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Summarizing the above equations, the two-point function can be decomposed as
δ〈O1(~x1, w1)O2(~x2, w2)〉 = 2ε(2∆1 − d)(2∆2 − d)
(2w1)∆1(2w2)∆2
×

 ∑
n,m
∆1,n 6=∆2,m
C(1)n C
(2)
m
∫
dr′ e(d−2)A
δV∆1,∆2(r
′)ψ
(1)
n (r′)ψ
(2)
m (r′)
(m
(1)
n )2 − (m(2)m )2
(
G∆1,n,d(x1, x2)−G∆2,m,d(x1, x2)
)
+
∑
n
∆1,n=∆2,m
C(1)n C
(2)
m
∫
dr′ e(d−2)AδV∆1,∆2(r
′)ψ(1)n (r
′)ψ(2)m (r
′)
×
∫
ddy′
√−gAdSdG∆1,n,d(x1, y′)G∆2,m,d(x2, y′)
]
. (3.21)
The first term just represents a sum of conformal blocks or conformal partial waves because
the propagator G∆n,d is equal to f∂(∆n, η) up to normalization. We can also confirm this by
Casimir equation. By using a following relation,
K∆,d+1(r, ~x,w, ~x,w) =
Γ(∆)(2∆ − d)
πd/2Γ(∆− d/2)
(
cosh r
w
)∆
, (3.22)
the terms in front of the parenthesis in (3.21) can be converted into bulk-to-boundary prop-
agators. Then, the two-point function is decomposed into geodesic Witten diagrams as Fig.
3.
The second term represents an anomalous dimension of operators on the boundary or
defect. In the Feynman diagram language, this term corresponds to a mass shift. Similar
terms have appeared in geodesic Witten diagrams without boundary or defect [3] but there
is difference. In the case without boundary or defect, four-point functions are non-trivial
and decomposed into geodesic Witten diagrams. For ∆1 +∆2 −∆3 −∆4 ∈ 2Z in s-channel,
anomalous dimensions of operators Oi appear [15, 16]. On the other hand, in the presence
of the boundary or defect, the anomalous dimension is associated with boundary operators
Oˆ not ambient operators O. In conclusion we confirmed that the two-point function can
be decomposed into conformal blocks in the boundary channel, and the anomalous confor-
mal dimension terms appeared because the boundary operators receive corrections to their
conformal dimensions.
4 Examples
In the previous section we obtain two different decompositions (3.12) and (3.21). In this
section we explain how our prescription works using a D3/D5 brane system [6, 7] and also
comment on the Takayanagi’s proposal [8] and the Janus solutions [9]. Correlation functions
in the D3/D5 model have been discussed holographically in [12, 17] and also geodesic Witten
diagrams have already obtained in [10]. However we would like to stress that our prescription
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can concretely determine coefficients in front of geodesic Witten diagrams, appeared in two-
point functions.
The D3/D5 brane system is constructed from a stuck of N D3-branes and a stuck
of Nf D5-branes. The D3-branes extend 0, 1, 2, 3-directions, while the D5-branes extend
0, 1, 2, 4, 5, 6-directions. We assume that N and ’t Hooft coupling λ are large and the number
of flavour branes Nf is much smaller than N , Nf/N ≪ 1, in order to treat the D5-branes
as probes. The dual field theory of this model is the d = 4, N = 4 supersymmetric gauge
theory coupled to flavour fields on a defect extending 0, 1, 2-directions. The action of the bulk
constructed from type IIB supergravity action for the D3-branes SIIB, a DBI action SDBI,
and a Chern-Simons action SCS, for D5-branes,
S = SIIB + SDBI + SCS . (4.1)
The type IIB supergravity action compactified on S5 sphere contains
Sbulk = −N2
∫
d5X
√−g0

∑
I
(
1
2
(∂MφI)
2 +
M2
2
φ2I
)
+
∑
I,J,K
α3φIφJφK + · · ·

 (4.2)
where g0 is AdS5 metric and φI represents bulk fields. In this section, we do not care about
coefficients of interaction terms which is independent on N , λ and Nf and do not give explicit
expressions for such coefficients. The action for the defect is
Sdefect = −Nλ1/2Nf
∫
d4x
√−gAdS4
×

∑
I
1
2
(∂iψI)
2 +
∑
m,n≥0
∑
I,J
βm,nφI1 · · ·φImψJ1 · · ·ψJn + · · ·

 (4.3)
where ψI defect scalar fields. To canonically normalize kinetic terms, we define rescaled fields,
φ′ := Nφ , ψ′ :=
√
NNfλ1/2ψ , (4.4)
then the actions become schematically
Sbulk = −
∫
d5X
√−g5
(
1
2
(∂Mφ
′)2 +
M2
2
φ′2 +
α3
N
φ′3 + · · ·
)
, (4.5)
Sdefect = −
∫
d4x
√−g4

1
2
(∂mψ
′)2 +
∑
m,n≥0
βm,nN
1−m−n/2λ1/2−n/4N
1−n/2
f φ
′mψ′n + · · ·

 .
(4.6)
The potential is determined from the interaction term in Sdefect,
2e−2Aε δV∆1,∆2(r) = −
δ2Sdefect
δφ∆1δφ∆2
= β2,0
√
λ
Nf
N
δ(r) . (4.7)
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O1(~x1, w1)O2(~x2, w2)
K∆1,d+1K∆2,d+1
G∆N ,d+1
D5 brane
(a) The ambient channel
O1(~x1, w1)O2(~x2, w2)
K∆1,d+1
K∆2,d+1 G∆n,d
D5 brane
(b) The boundary channel
Figure 4: Two distinct decompositions in the D3/D5 brane system.
This potential is proportional to the small parameterNf/N and the delta function as expected.
Inserting this potential (4.7) into obtained decompositions (3.12) and (3.21), we recover the
same geodesic Witten diagrams in [10]. However, our prescription determines also coefficients
coming from vertices. The ambient channel decomposition involves the bulk φ3 interaction
and the defect φψ interaction. Each vertices have orders 1/N and
√
λNf and totally gives
an order
√
λNf/N as expected. On the other side, the boundary channel decomposition
involves the defect φψ interaction. The order of the vertex is (
√
λNf/N)
1/2 as expected. Our
prescription works well in the D3/D5 brane system. See Fig. 4.
Comments on other examples are in order. The Takayanagi’s proposal is a holographic
model of boundary CFTs. In this proposal, an additional boundary is introduced in the bulk
and the spacetime is restricted in the region r∗ < r < ∞ (See Fig. 5). Matter fields are
localized on the additional boundary. When the backreaction coming from the boundary can
be ignored, the bulk is described by pure AdS. The main difference between the Takayanagi’s
proposal and the D3/D5 model is spacetime is terminated at r = r∗ or not. Then if we
restrict the integration region in (3.8) appropriately, we can apply our prescription to the
Takayanagi’s proposal.
Finally we comment on the Janus solutions. In previous our paper [1], we treated the d =
4 Janus solution as an example and an extension to different operators are straightforward.
Hence we give a brief comment on differences between the D3/D5 model and the Janus
solutions here. The dual CFTs of the Janus solutions are so called interface CFTs and the
coupling constant jumps at the interface. This is achieved by a nontrivial profile of the dilaton
field. The potential of the D3/D5 system is localized on the D5 branes and is proportional to
the delta function while that of the Janus is not localized and spreads in whole of AdS. Since
interaction terms also comes from kinetic terms coupled to the dilaton, small modifications
are needed. Our prescription also works nicely in Janus solutions.
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O1(~x1, w1)O2(~x2, w2)
Figure 5: A leading correction of two-point functions in the Takayanagi’s proposal.
5 Conclusion and Discussion
In the presence of boundaries or defects in CFTs, two-point functions are still nontrivial and
are functions of the conformal cross-ratio. Furthermore the two-point functions do not vanish
even if conformal dimensions are different. In BCFTs or dCFTs, the two-point functions
can be decomposed into conformal blocks or conformal partial waves in two distinct ways;
ambient channel decomposition and boundary channel decomposition. The holographic dual
of conformal blocks in dCFT was initiated by Rastelli and Zhou [10]. They discussed a very
simple model, a D3/D5 brane model, and obtained geodesic Witten diagrams with general
conformal dimensions. In our previous work [1], we gave decompositions of two-point functions
into geodesic Witten diagrams in general holographic setups with boundaries or defects. Our
work includes results in [10] as a special case but considered only the case with two identical
operators. In this paper we generalized our previous paper to a situation where two operators
are different and have different conformal dimensions.
The leading correction of the two-point functions is given by two bulk-to-boundary prop-
agators coupled to a source term which represents an existence of boundaries or defects (3.8).
We derived the ambient channel decomposition (3.12) and the boundary channel decomposi-
tion from (3.8). Note that these two different decompositions are equivalent since we derived
them from (3.8). In the boundary channel, the decomposition of the two-point functions
includes not only conformal partial waves but also anomalous dimensions if the conformal
dimensions satisfy ∆1 −∆2 ∈ Z.
To present that our prescription works, we applied it to a D3/D5 brane system. Defect
matter fields localize on the D5 brane and the potential is proportional to a delta function.
When the probe D5-branes sit on r = 0, our geodesic Witten diagrams reduce to that of
[10]. Recently, two-point functions in dCFT dual to the D3/D5 system with flux have been
discussed [18]. It would be nice to compare their work with our prescription. In addition,
we commented on other examples, the Takayanagi’s proposal and the Janus soutions. We
confirmed that our prescription works well in both examples.
In this paper we only considered scalar operators to simplify our discussion. Geodesic
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Witten diagrams with an external spin was initiated in [19] and extended to arbitrary external
and internal spins in [20–22]. It is possible to generalize our discussion to two-point functions
with spins. Our starting equation (3.8) involves bulk-to-boundary propagators, K∆,d+1. If one
wants to consider two-point functions with spins, one should replace the bulk-to-boundary
propagators without spins by that with spins. However, we need an equation similar to
(3.10) for the ambient channel decomposition and a decomposition similar to (2.24) for the
boundary channel decomposition. These are not easy tasks because a decomposition of two-
point functions may include various representations. We leave this problem as a future work.
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